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The representation of statistical information in the form of natural frequencies is one of the main
factors that support Bayesian reasoning. However, materials for professionals in the fields of
medicine or law usually present information in the form of probabilities. Therefore, one aim of our
research is to develop a training for professionals in those fields. In this paper, we present a short
intervention that uses unit squares as visualization of statistical information. We report on a pilot
study where students at university were trained how translate the usual probability format to a
frequency format and how to visualize the statistical information. The results encourage the
approach to use unit squares as visualizations of statistical information for training Bayesian
reasoning.

INTRODUCTION AND BACKGROUND

In many areas, such as medicine or law, professionals have to deal with risk. For example,
doctors must interpret the results of diagnosis tests or lawyers must consider evidences
appropriately. The Bayes rule is a mathematical model for the interpretation of the probability of a
hypothesis in the light of new evidence. The following example illustrates such a situation in which
the Bayes rule can be applied:

Table 1. Probability version of a Bayesian reasoning situation (traveler-example).

After travelling to a far country, you learn that an average of 10% of the travelers contracted a new
kind of disease during their trip. The disease proceeds initially without any clear symptoms,
therefore you don’t know whether you had been infected or not.

You learn that a medical test was developed which has the following characteristics:
80% of infected people get a positive test result (sensitivity of the test).
15% of uninfected people get a positive test result (specificity of the test).

Finally, you decide to carry out the test and get a positive test result. What is the probability that
you actually had been infected?

The Bayes’ rule allows calculating the posterior conditional probability of having the
disease given a positive test result. For the situation of the example in Table 1 the result is:

) o 80% - 10%
P(disease|test positive) = 80% - 10% + 15% - 90% ~ 37,2%

Despite the great relevance of the Bayes rule for real life situations, psychological and
educational research gained evidence that people often fail when applying the Bayes rule
(Kahneman, Slovik & Tversky, 1982; Gigerenzer & Hoffrage, 1995; Diaz, Batanero & Contreras,
2010). Eddy (1982) for example reported that only 5 out of 100 physicians interpreted the result of
a medical diagnosis test (similar to the problem of Table 1) correctly. However, misinterpretations
in the field of medicine or law can have severe consequences (e.g. Gigerenzer, 2002).

Nonetheless, mainly two methods have been identified how to improve performance in
Bayesian reasoning tasks, i.e. the presentation of the statistical information in form of natural
frequencies and the visualization of the statistical information (e.g. McDowell & Jacobs, 2017). In
Figure 1, we show the frequency representation of the traveler-example (Table 1) at the basis of a
sample of 1000 people and the visualization with a unit square:
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100 out of 1000 travelers contracted a new kind
of disease during their trip.
80 out of 100 infected people get a positive test positive 8Q
result. 765 negative
135 out of 900 uninfected people get a negative
test result. —
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Figure 1. Frequency representation of the traveler-example and visualization of statistical
information with the unit square.

When the statistical information is presented with natural frequencies, the posterior
conditional probability of having the disease given a positive test result can be calculated as a
simple proportion of the infected among the positively tested people:

8
P(di test iti = ——= 37,29
(disease|test positive) 80 135 2%

In general, when the statistical information is presented with natural frequencies as shown
in Figure 1, performance increases substantially compared to problem representations with
probabilities as shown in Table 1 (e.g. Gigerenzer & Hoffrage, 1995). The visualization of the
statistical information can have an additional beneficial effect beyond the effect of natural
frequencies (e.g. Garcia-Retamero & Hoffrage, 2013). However, the beneficial effect of the
visualization depends on the specific form of the visualization and therefore turned out to be one of
the main moderators of the frequency-effect (McDowell & Jacobs, 2017). Theoretically, the unit
square was expected to be a suited visualization to endorse understanding of Bayesian reasoning
problems (e.g. Eichler & Vogel, 2010; Oldford & Cherry, 2006). In an own study with 143 students
the unit square outperformed the tree diagram, when the performance in Bayesian reasoning tasks
was regarded (Bdcherer-Linder & Eichler, 2017).

However, these two methods (the use of natural frequencies and the visualization of
statistical information) lack ecological validity for professionals in the field of medicine or law,
since the statistical information in the problems of daily practice in these fields are presented in
probability versions similar to the example shown in Table 1. This leads to the need for training
physicians or lawyers in solving Bayesian reasoning problems. However, only a few training
studies have been carried out until now (e.g. Bea, 1995 or Sedlmeier & Gigerenzer, 2001), few
with physicians (e.g. Steckelberg et al., 2004) and none of them with lawyers.

The aim of our research is to develop an effective training for professionals in fields that
are only peripherally mathematics related, like medicine or law. In this paper, we present the results
of a pilot study aiming to test variants of interventions for training Bayesian reasoning. We
developed the training at the basis of the mentioned research results and present the results of a
Pre-and Posttest with 15 students of mathematics education, before and after the training. We
discuss the results with regard to former research results and with regard to our overall project of
developing an effective training for professionals in the field of medicine or law.

THE TRAINING (20 MINUTES)

The training is based on two main research results of how to improve Bayesian reasoning:
e The use of natural frequencies
e The visualization of statistical information with unit squares

Since we took into account the ecological validity, we presented the problems in the
probability version (c.f. Table 1) and trained how to translate the probability version into a
frequency version and how to visualize the statistical information in the process of problem
solving. The training had two phases: phase 1 (10 minutes) had three steps and was a short
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instruction in form of a worked example how to solve the problem of Table 1 with the help of the
unit square. In Figure 2 and Figure 3, we show these three steps of the worked example of the
training-phase 1 (translated from German):

Problem presentation: see Table 1

Step 1: Choice of the sample size

For solving the problem, we first consider the
guestion what the probabilities mentioned in
the text imply for a concrete group of travelling
people. We choose a sample size, for example

|
1000 people. 1000 people

We represent the group of 1000 people by
drawing a unit square.

Step 2: Construction of the frequency representation

Since 10% of the travelling people contracted
the disease during their trip, 100 out of the
1000 people are expected to be infected. 900
out of the 1000 people are expected to be
uninfected.

Thus, we divide the unit square in vertical
direction for “infected” and “uninfected” at the
ratio of 100 to 900. At the bottom of the
narrow rectangle we write “100” and at the
bottom of the broader rectangle we write
“900”.

infected uninfected

100 900

Since 80% of the infected people get a positive infected  uninfected
test result, 80 out of the 100 infected people are
positively tested. Accordingly, 20 out of the
100 infected people are negatively tested.

positive (80
Therefore we subdivide the narrow rectangle
horizontally into two parts and write “80” and
“20” into the resulting areas.

negative |20

100 900

Since 15% of the uninfected people get a infected uninfected
positive test result, 135 out of 900 uninfected 135 positive
people are positively tested (Because 15% of
900 is 135). Accordingly, the other 765
uninfected people get a negative test result.

positive |80

765 negative
Therefore we subdivide the broader rectangle
horizontally into two parts for “positive” and
“negative” and write the numbers into the
resulting areas. 100 900

negative|20)

Figure 2. Step 1 and 2 of the worked example in the training phase 1.

Step 1 and Step 2 shown in Figure 2 were an instruction how to construct a frequency
representation with the help of the unit square. Step 3 (Figure 3) is an explanation how to extract
the relevant numbers from the visualization and how to calculate the correct proportion that
corresponds to the posterior conditional probability. Additionally, we visualized the requested
proportion as a “picture-formula” (c.f. Eichler & Vogel, 2010):
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Step 3: Calculating the correct proportion

Requested is the probability that a person with infected ___uninfected ____
a positive test result is actually infected.
Thus, we have to calculate which proportion of |
the positively tested people actually is infected. PosiﬁVEE'SO

|
135 Positive
1]

For this we border all positively tested people 765
with a dashed line in the unit square and

emphasize with grey color all of them, that are i

negative

infected. negativef20
We read out the following numbers:

Number of infected and positively tested: 80
Number of all positively tested: 80+135=215

100 900

We calculate the following proportion:
= 0,37

infected and positive 80
all positively tested ~ 80 + 135 -

0,37

This proportion corresponds to the requested !l
probability of 37%. | *picture-formula”

Figure 3. Step 3 of the worked example in the training phase 1.

Phase 2 (10 minutes) involved an exercise that was structurally identical to the worked
example (Figure 2 and Figure 3) but had another context (Trisomy). An oral explanation and a
presentation of the correct solution were given. Even though it was possible to draw the unit square
true to scale in this case, we only showed a rough drawing of the unit square, since we wanted to
enable the participants to work with the visualization as a tool for problem solving which did not
necessarily need a precise drawing. Moreover, in more general situations, it would not always be
possible to represent extremes values true to scale.

PRE- AND POSTTEST

Before and after the training, the participants (15 university students) answered three
Bayesian reasoning problems, A, B and C, represented in the probability version (c.f. Table 1).
These problems were structurally identical to that shown in Table 1 and the contexts were an A:
economics problem (c.f. Binder et al., 2015), B: measles infection (c.f. Gigerenzer & Hoffrage,
1995) and C: spam filter (c.f. Figure 3). The answers were coded and anonymity was guaranteed.

RESULTS
For all of the three problems A, B and C, the number of correct answers increased

substantially, from 8 overall correct answers in the pretest to 32 correct answers in the posttest (see
Table 2):

Table 2. Number of correct answers in the pretest and the posttest.

Bayesian problem Pretest Posttest Maximum
A (economics problem) 4 11 15
B (measles infection) 2 12 15
C (spam filter) 2 9 15

A more qualitative evaluation showed that many participants that were not able to solve the
problems in the pretest, successfully constructed a frequency representation by drawing a unit
square in the posttest and, thus, solved the problems correctly. In Figure 4, we show an example
illustrating the effect of the training:




ICOTS10 (2018) Invited Paper Bocherer-Linder, Eichler, Vogel

Problem C (spam filter): Pretest:
10% of the emails to a )__ y
company are spam-mails. g Pl = ; . RS/
85% of the spam-mails are Ch )
identified correctly by a AN

spam filter. KV

2% of the non-spam-mails Cog ©

e

are erroneously identified as
spam.

gnl o
Vi

What is the probability that | | | =TT 7 ey
an email that is identified as | .~ / AB1ED '
spam-mail is actually spam? . f'

s

Figure 4. Example of one student’s answers in the Pretest and in the Posttest.

In the pretest, the student tried to find the solution by drawing a tree diagram with
probabilities. The student encircled the “0,85” at the branch and wrote “85%” for solution.
Apparently, the student confounded the conditional probabilities P(A|B) and P(B|A), which is
known as a common error in the field of conditional probabilities (e.g. Diaz, Batanero & Contreras,
2010). After the training, the student did not make this fail any more. The student constructed a
frequency representation by drawing the unit square, he was able to extract the relevant numbers
and he calculated the requested probability correctly.

DISCUSSION

Although no control group was tested in this pilot study and hence it is not possible to
exclude a learning effect from the pretest to the posttest, the results suggest a positive effect of the
training. This is all the more the case, since control groups in other studies with similar problems
(e.g. SedIimeier & Gigerenzer, 2001; Sirota, Kostovicova & Vallée-Tourangeau, 2015) showed
hardly any learning effect. Moreover, the considerable effect of the training with the unit square
was reached in only 20 minutes which is much shorter than the training of Sedlmeier and
Gigerenzer (2001).

It remains an open question, if similar effects could be reached by using other
visualizations like tree diagrams or 2x2-tables for training the construction of frequency
representation. Sedlmeier and Gigerenzer (2001) for instance used tree diagrams and frequency
grids for “visualization training” and observed beneficial effects as compared to “rule training” and
“no training”. However, several participants in our pilot study used tree diagrams or 2x2-tables in
the pretest (see Figure 4 for an example) and did not find the correct solution.

The conclusion is that the unit square seems to be an effective visualization for frequency
representation construction and that it is a promising approach to use unit squares as visualizations
of statistical information for training Bayesian reasoning.
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